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Abstract. In this paper we consider a variant of Conway’s sequence (OEIS A005150, A006715) defined as
follows: the next term in the sequence is obtained by considering contiguous runs of digits, and rewriting them
as ab where b is the digit and a is the maximum of b and the run’s length. We dub this the “look-and-say the
biggest” (LSB) sequence.
Conway’s sequence is very similar (b is just the run’s length). For any starting value except 22, Conway’s
sequence grows exponentially: the ration of lengths converges to a known constant λ . We show that LSB does
not: for every starting value, LSB eventually reaches a cycle. Furthermore, all cycles have a period of at most 9.
1 Introduction
The look-and-say (LS) sequence [CG12], also known as the Morris or the Conway sequence [Con87,
Hil96, EZ97] is a recreational integer sequence having very intriguing properties. A LS sequence is
obtained iteratively by reading off the digits of the current value, and counting the number of digits
in groups of the identical digit.
Following Conway’s work, numerous variants of LS sequences were proposed and studied, e.g., Pea
Pattern sequences [Kow17, Mul12], Sloane’s sequences [Slo09] or Oldenburger–Kolakoski sequences
[Kol66,Ü66,Lag92] (OEIS A000002).
In this paper we consider a variant of LS sequence: the next term in the sequence is obtained by
considering contiguous runs of digits, and rewriting them as ab where b is the digit and a is the maximum
of b and the run’s length (this is formally defined further below). We dub this the “look-and-say the
biggest” (LSB) sequence. An LSB sequence is therefore very similar to a LS sequence; however it behaves
very differently.
Indeed, Conway showed [Con87] that for all starting values (except 22), LS sequences produce ever-
growing numbers, with a growth ratio converging to some constant λ (which is the root of an explicit
degree-71 polynomial). As we will show, however, for every starting value, LSB sequences eventually
reach a cycle. When they do, this cycle repeats itself in at most 9 iterations (Theorem 1).
2 Notations and definitions
In this paper we assume that numbers are written in base 10. Any integer T can thus be written T =
t1t2 · · · tk with t1, . . . , tk ∈ {0,1, . . . ,9}. To avoid any ambiguity, ab will denote the concatenation of the
numbers a and b; accordingly ab indicates that a digit a is repeated b times. If we want to emphasise
concatenation we use a‖b instead of ab.
Definition 1 (Run-length representation). Let T ∈N∗, we can write
T = a1 . . .a1︸ ︷︷ ︸
n1
a2 . . .a2︸ ︷︷ ︸
n2
. . .ak . . .ak︸ ︷︷ ︸
nk
with a1 6= a2,a2 6= a3, . . . ,ak−1 6= ak. The run-length representation of T is the sequence RunL(T ) =
a
n1
1 a
n2
2 · · ·a
nk
k . Conversely, any finite sequence of couples (ai,bi)i where a∈N
∗ and 0≤ bi ≤ 9 is such that
bi−1 6= bi 6= bi+1, corresponds to an integer with run-length representation (a
bi
i )i.
Note that the run-length representation of an integer is unique.
Definition 2 (Pieces). If N = (abii ) is a run-length encoded integer, we call each a
bi
i a piece of N.
Definition 3 (Look-and-say-again sequence). Let T0 be a decimal digit, and for each Tn define
Tn+1 = n1n1a1a1n2n2a2a2 · · ·nknkakak.
where (anii )i = RunL(Tn). We call the sequence (Tk)k∈N the look-and-say-again sequence of seed T0, and
denote it by LSA(T0).
Definition 4 (Look-and-say-the-biggest sequence). Let S0 ∈N
∗, and for every integer Sn ∈N
∗, (anii )i =
RunL(Sn), let
Sn+1 =max(n1,a1)a1max(n2,a2)a2 · · ·max(nk,ak)ak.
We call (Sn)n∈N the look-and-say-the-biggest sequence of seed S0, and denote it by LSB(S0).
Example 1. LSB(1) = 1→ 11→ 21→ 2211→ 2221→ 3211→ 332211→ 332221⇆ 333211
3 The look-and-say-the-biggest sequence
Theorem 1 (Eventual periodicity). Let s be an integer, then the sequence LSB(s) is eventually periodic,
of period τ ≤ 9.
To prove this result we introduce several useful definitions and lemmas.
Definition 5 (Maxmaps). Let a
ni
i be a piece, we define the partial maxmap:
z : anii 7→max(ai,ni)ai
which sends a piece to an integer. We extend this definition to work on integers: if (anii )i = RunL(N), we
define the maxmap:
Z : N 7→ z(an11 )z(a
n2
2 ) · · · z(a
nk
k )
which maps integers to integers. Finally, for every integer m > 0, we write Zm = Z ◦Z ◦ · · · ◦Z, where Z
appears m times in the composition.
Example 2. Z(11193222) = 31993332.
Remark 1. With these notions in place, Theorem 1 can be reformulated as follows: for any integer s, if s
does not contain more than 9 continuous identical digits, then s ∈ {Zm(s) | 1≤m≤ 8}.
Remark 2. Assume that s contains more than 9 consecutive identical digits a, but fewer than 100; write
this number n. Then the corresponding piece in the run-length representation is an, which will be mapped
by z to na (as n > a by assumption). But n itself is made of two digits so that na contains at most
3 consecutive identical digits. By iteratively applying Z to a number having more than 9 consecutive
digits, we eventually obtain a number with at most 9 consecutive digits. Theorem 1 will therefore follow
from this observation and the following result:
Lemma 1. Let s ∈ N, (anii )i = RunL(s). If ni ≤ 9 for all i then the sequence Z
n(s) periodic, of period
τ < 9.
Definition 6 (Kid and Adult Types). We split digits into two sets: digits that are smaller or equal to
3 are kid type, the others are adult type. Pieces an where a is a kid (resp. adult) are of type kid (resp.
adult). Numbers made only of type kid (resp. adult) digits are of type kid (resp. adult).
Lemma 2. Z maps adult type numbers to adult type numbers.
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Proof (of Lemma 2). If an is an adult piece, z(an) = max(n,a)a is an adult number, since a is an adult
digit by hypothesis and max(n,a) is adult if either numbers is. The result on Z follows. ⊓⊔
Lemma 3 (Fixed points of Z, sufficient condition). Let s be an integer, (anii )i = RunL(s). If ni = 2,ai ≥
2 for all i then Z(s) = s.
Proof (of Lemma 3).We have, for all i, z(anii ) =max(ni,ai)ai = aiai. The result on Z follows. ⊓⊔
Theorem 2 (Adult seeds give constant sequences). Let s ∈ N be adult, and assume that s does not
have more than 9 consecutive identical digits, then Z3(s) = Z2(s). In particular, the sequence LSB(s) is
constant from the third term on.
Proof (of Theorem 2). Let (anii )i = RunL(s). By hypothesis, ai are adult and ni ≤ 9. We have
z(anii ) =
{
aiai if ni ≤ ai
niai otherwise
In the first case, z(anii ) is an adult number of length 2, and in the second case ni > ai so that we again have
an adult of length 2. Applying Z to s, it is possible that two consecutive digits (coming from different
pieces of s) are identical, but no more: as a result, if we write (bmii )i = RunL(Z(s)), then mi ≤ 3 and bi is
adult. Therefore, Z2(s) satisfies the conditions of Lemma 3, yielding Z3(s) = Z2(s). ⊓⊔
Remark 3. Theorem 2 proves Lemma 1, and therefore Theorem 1, for adult integers. We now turn our
attention to the remaining case of kid integers.
Lemma 4. Let s ∈ N of kid type and assume that no digit appears more than 3 times consecutively in s.
Then Z(s) is kid and no digit appears more than 3 times consecutively in it.
Proof (of Lemma 4). Let (ni,ai)i = RunL(s), we can exhaust all possibilities:
01
z
−→ 10 02
z
−→ 20 03
z
−→ 30 11
z
−→ 11 12
z
−→ 21 13
z
−→ 31
21
z
−→ 22 22
z
−→ 22 23
z
−→ 32 31
z
−→ 33 32
z
−→ 33 33
z
−→ 33
Clearly, z(anii ) is kid and of length 2. Furthermore, for Z to contain more than 3 consecutive identical
digits, RunL(s) would need to contain a sub-sequence of the form β αβ α
′
with α ,α ′ ∈ {1,2,3} and
β ∈ {1,2,3}. This is impossible by definition of the run-length representation. ⊓⊔
Lemma 5 (Last digit). Let s be an integer, then the last digit of Z(s) is the same as the last digit of s.
Proof. The proof is immediate from the definition of Z. ⊓⊔
Theorem 3 (Small kid seeds). Consider again a kid integer s, with no more than three consecutive
identical digits, then the sequence Zn(s) loops after at most 7 iterations, i.e. s ∈ {Zm(s) | 1≤m≤ 8}.
Proof. Figure 1 shows how Z maps each piece of the integers satisfying the theorem’s conditions. We
notice that a fixed point is reached in one step for 2, 22, 3, 33, 333, and the only end nodes that are not
fixed points are 10, 20, 30, 21, 32, 31 — these are the ones we shall focus on. We list the successive
mappings of these three nodes up to the point before they enter a loop in Table 1, and refer to the list of
integers in that table as fossil integers.
Assume that s = s0‖p‖s1, with s0, p,s1 integers such that Z(si) = si, and such that s0 does not end
with p’s first digit and s1 does not start with p’s last digit. If p is not fossil then Z(p) = p and therefore
Z(s) = s. Otherwise,
– For Z(p) to start with 3, we must have p beginning with 3b, 33b, with b 6= 3, or three consecutive
digits aaa. Then Z(p) starts with 3a and Z2(p) starts with 33 which is not fossil. By Lemma 5, the
first digit of Z(s1) and the last digit of Z(p) differ. As a result after two iterations of Z we are in a
situation s′ = s′0‖p
′‖s1 where s′0 = s0‖33 and p
′ does not begin with 3 nor three consecutive digits.
3
1 11 21
111 31
222
0 10 00 20
000 30
32
2 22
3 33 333
Z Z
Z
Z Z
Z
Z
Z
Z
Z Z
Z
Fig. 1. Effect of Z on small kid integers.
Table 1. Cycles from small kid seeds. We call the numbers appearing here fossils.
Steps Period
32 → 3322 ý 1 1
31 → 3311→ 3321 → 332211
↓
332221⇆ 333211 5 2
↑
21 → 2211→ 2221 → 3211
00 221110 → 223110 2233322110
↓ ↑ ↓ Œ 7 2
20 → 2210 22332110 → 2233222110
0 3110 → 332110
↓ ↑ ↓ 6 2
10 → 1110 33222110 ⇆ 33322110
000 331110 → 333110 33222110
↓ ↑ ↓ Œ 7 2
30 → 3310 332110 → 33222110
– For Z(p) to start with 2, we must have p beginning with 2b with b< 2, or two consecutive digits aa
with a≤ 2. Then Z(p) starts with 22 or 2a respectively, and Z2(p) starts with 22. As above, after two
iterations of Z we are in a situation s′ = s′0‖p
′‖s1 where s′0 = s0‖22 and p
′ does not begin with 2 nor
two consecutive digits.
– For Z(p) to start with 1, we must have p beginning with ab with a ≤ 1 and b > 1. Then Z(p) starts
with 10 or 11, and Z2(p) starts with 11 or 21 respectively. Then Z4(p) or Z3(p) respectively starts
with 22. Thus after three or four iterations of Z we are in a situation s′ = s′0‖p
′‖s1 where s′0 = s0‖22
and p′ does not begin with an isolated digit.
Since Z(p) cannot start with 0, these are the only cases. Therefore, after at most 4+2+2= 8 iterations
there remain no possibility for p. In other terms Zm(s) = s for m≤ 8.
⊓⊔
We are now ready to complete the proof:
Proof (of lemma 1 and theorem 1).We have proven the result for adult seeds (Theorem 2) and for certain
kid seeds (Theorem 3).
Let s be an integer, (anii )i = RunL(s). We partition the pieces (a
ni
i )i into kid type and adult types. The
effect of Z on kid pieces is the one that needs attention: either ni ≤ 3, or ni > 3. In the second case, the
effect of Z is to introduce the adult digit ni. Consider the type of pieces (i−1) and (i+1):
– If piece (i−1) is adult: then ni will fuse with the result of z(a
ni−1
i−1 ) into a adult piece;
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– Otherwise ni will be its own new adult piece, inserted between the result of z on piece (i−1) and the
ai.
As a result, after applying Z to s, we can partition Z(s) as a concatenation of kid integers having no
more than 3 consecutive identical digits, and adult integers. These correspond in particular to disjoint
run-length representations, so that Z acts on them independently.
We have shown that the action of Z on such integers preserves their properties, and that Z reaches a
cycle in at most 7 iterations. Accounting for the extra application of Z at the beginning of this proof, we
have the claimed result. ⊓⊔
Remark 4. Theorem 1 shows that we eventually reach a cycle; Lemma 1 shows that for certain integers
(which do not repeat any digit more than 9 times in a row) this cycle is reached quickly. Nevertheless,
some integers that do not satisfy the conditions of Lemma 1 can still reach a cycle quickly: for instance,
222 → 222→ 3322 (two iterations). This brings the following question: what is the smallest integer y so
that LSB(y) takes more than 8 iterations to reach a cycle?
Conjecture 1. The smallest integer y so that LSB(y) takes 9 iterations to reach a cycle is y = 2x with
x= 311. If we now (temporarily) use the standard multiplicative notation ab = a×a×·· ·×a︸ ︷︷ ︸
b times
, then
y=
2
9
(
10(10
11−1)/3−1
)
≃ 1010
10.52
.
The convergence process in 9 steps is:
y= 2x → x2→ 11312→ 21331122→ 2211332122→ 222133221122 → 321133222122 → 33222133321122
Œ
33321133222122
4 Open questions
Although every LSB sequence cycles, it remains an open question to fully enumerate and classify the
limit cycles. It also remains open to extend Conjecture 1 and determine for every n > 0 the values σn
defined as the smallest positive integer such that LSB(σn) reaches a cycle in exactly n iterations.
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